Integrability and Boundedness of Local Solutions
to Singular and Degenerate Quasilinear Parabolic
Equations

Mike O’Leary

Abstract

Integral and supremum estimates are proven for local solutions of de-
generate and singular quasilinear parabolic equations. This is done with
the aid of a local energy inequality and estimates in Lflveak spaces.

1 Introduction and Results

In this paper we shall obtain L, oc(27) and L 10c(€27) estimates for local
solutions to a class of quasilinear degenerate or singular parabolic equations
modeled after

uy — div (|Vu|P72Vu) = f(z,t) + divg; p>1). (1)

If p > 2 the problem is degenerate, while if p < 2 the problem is singular.
Indeed, let @ € RY be a domain, let T > 0, and let Qr = Q x (0,7).
Consider a general quasilinear equation of the form

ug — diva(z, t,u, Vu) = b(z,t,u, Vu) (2)

where for almost every (z,t,u,v) € Q x [0,T] x R x R the following structure
conditions hold:

(Hl)1<p§5<p(¥),ci20f0r0§i§5,co>0,and¢jZOfor
0<j5<2,

(H2) a(x,t,u,v)-v > ¢c,|VIP — 03|u|‘S — do(x, ),
(H3) |a(z,t,u,v)| < cp|v|P~L + C4|u|6(17%) + ¢1(x,t),

(H4) [b(a, t,u, V)| < ealv[P075) 4 es|ul”~" + ¢o(a, t),
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(H5) ¢1 € L%,loc(QT)y

(H6) ¢ € Ly 1oc(Qr) with 11> 1, and 1, ¢2 € Ly 1oe(Qr) with s > 7200,
(H7) w € Ly 1oc(Qr) for some r > 1 for which N(p —2) +rp > 0. In particular
if p>2N/(N + 2) we may set r = 2.

We shall then prove

Theorem 1 Let u € Loo 1o¢(0, T Lo joc(2)) N Ly 10c(0, T W]},loc(Q)) satisfy (?7)
in the sense of distributions, and suppose that the structure conditions (H1)-(H7)
are satisfied.

If both s > (N +p)/p and > (N +p)/p then u € Log joc(21);

if both s = (N +p)/p and p = (N +p)/p, then u € Lg 10c(Qr) for all ¢ < oo;

if both s < (N +p)/p and pp < (N +p)/p, then u € Ly 10.(Qr) for all g < ¢*,
where

P _ 2p
¢" = min p+iv ! AN Pr
1-(1-3)(+%) 1—(175) (1+ %)

Regularity properties of solutions of these types of equations have been stud-
ied extensively over the past 15 years, first in an attempt to prove Holder conti-
nuity of solutions, and later to study conditions which guarantee the bounded-
ness of solutions. Indeed in the degenerate case, Holder continuity was proven
by DiBenedetto and Friedman [?, 7], and in the singular case by Y.Z. Chen and
DiBenedetto, [?, ?]. Local boundedness under suitable structure conditions was
proven by Porzio [?]; such results have been extended to equations with more
general structures by Andreucci [?] and Lieberman [?]. An excellent discussion
of known results is the book of DiBenedetto [?].

The results contained in this paper have the following new features. First, to
the best of this author’s knowledge, this is the only result which yields informa-
tion about the degree of local integrability of solutions which are not necessarily
bounded. Secondly, this result extends the class of equations for which the local

boundedness of solutions is guaranteed. Indeed, for the case p > ]\%—JJ:’Q, in [?,
Chp. 5, Thm 3.1] boundedness of solutions was proven only if

»_ 5 N

770y € L ioc(Qr) for s > +p. (3)

p

In the case p < ]\2,—%, local boundedness was proven in [?, Chp. 5, Thm. 5.1]

only if the problem had homogeneous structure, meaning (H2), (H3) and (H4)
are replaced by the requirements a(z,t,u, v)v > ¢,|v|?, |a(x, t,u, v)| < c1|v|P~L
and b(z,t,u,v) = 0; moreover further global information was required, to the
effect that the solution could be approximated weakly in L, jo.(€27) by bounded
solutions. Only under these additional circumstances, now no longer necessary,
was boundedness proven.
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The results of Theorem 77 are almost optimal in the sense that they almost
agree with the results in the linear case. Indeed, consider the linear problem (so

p=2)

Uy — aixz {aij(@,t)ug, + a;i(z, t)u} + b;(2, t)ua, + alz, t)u = ¢(z,t) + gsz (4)

for ¢ € L 10c(Q71), ¢i € Lyioc(Q27). Ladyzhenskaya, Solonnikov and Uraltseva
showed in [?, Chap. 3, Secs. 8,9] that local solutions of this problem are

locally bounded if s, > %, that they are in Lg joc(Qr) for all ¢ < oo if

§=pu= %, and that they are in Ly« joc(Q7) if s, 10 < %,
number in Theorem 7?7 with p = 2.
A few comments about our assumptions are now in order. At first, the re-

quirement (H5) that ¢; € Lﬁ,loc(QT) may seem out of place; its purpose is

where ¢* is the

to guarantee that terms of the form a(z,t,u, Vu)-Vu are locally integrable. It
is natural in some sense as this same condition was imposed by Ladyzhenskaya,
Solonnikov and Uraltseva to obtain boundedness of solutions to quasilinear equa-
tions in the case p = 2; see [?, Chap. 5, Thm. 2.1, Eqn. 2.2].

The restrictions on s and p in (H6) are exactly the conditions that guarantee
q > %p; recall that Sobolev embedding will imply that any function which
satisfies the integrability hypotheses of Theorem ??7 will be in LN;;z p,loc(QT)'

2 Sketch of Proof

The proof of Theorem ?7? is based upon the following result.

Proposition 2 (LocAL ENERGY ESTIMATE) Suppose that u is a solution of
(??) in the sense of distributions, and that the assumptions of Theorem 7?7 hold.
Then for any Qr(x,,t,) = Br(x,) X (t, — RP,t,) CC Qp, for any 0 < o < 1,
and for any k > 0, we have

(] wenla A
: G—ZV’H’/ZR(U:Fk)i e dt

4 W/ZR(uxk)g dz dt -
w1 [ xR > 0 e

#1lL.n Sarar)
+7(”(11”—L0(?R) +|¢2|LS(QR>> (/ZR(quk)i dz dt)

+ ol L,.(@n) (meas((u F k) > 0])! .

where 7 is a constant that depends only on ¢;, N, p,d, s, and p but is independent
of k and |¢1lr , . (ar)-

p—1’
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This is a standard result following from the use of a smooth cutoff approx-
imation of (u F k)1 as a testing function; see for example [?, Chap. 5, Prop.
6.1]. For convenience we have included a sketch of the proof in §?7.

Once the local energy estimate is known, the proof proceeds in two steps.
First observe that if u € Lg j0c(€27) for some 3, then the local energy inequality
can be used to obtain an estimate of the form

1 a(B)
meas {(2,1) € Qor : [u(z, )] > k} <7 (el Ly(@m) (k> (6)
for some exponent «(3). This is sufficient to give us an estimate for |u| Lo (Qor)”

Indeed, recall the definitions of the spaces L‘éveak(L{); a measurable function
[ is an element of LY***(1() if and only if

Q=

|flpyear @y = il;}gk(meas{x €U :|f(x) > k})7 < oo. (7)

The quantity |f] Lyeak (1) is not a norm, but it is a quasinorm. The inequality

|f|L;vcak(u) <|flz, e (8)

follows immediately from

K¢ meas|| f| > K] < /u 1 X1 > K] de < /u 10 de (9)

so that Lg(U) C LY** (U). However Ly**(U) # Lq(U), as the function f(x) =
1/z satisfies f € Ly°2%(0,1), but f ¢ Ly(0,1). Finally, if ¢ < ¢ and U is
bounded, then LY***(Uf) C Ly (U); indeed, [?, Theorem 1.13] implies

”f”%q/(u) — q’/ L9 -1 meas||f| > k] dk

0 o (10)

< ¢’ measlU + q/|f\queak(u) / k9171 k< oo.
a 1

For further details about the spaces Ly***(Uf) see [?, Chp. 1] or [?, IX.4].

The energy inequality in the form (??) then tells us that if u € Lg j0(27),
then u € Ly j0c(Qr) for all ¢ < «(f). Carefully calculating () and iterating
this process, we shall prove

Proposition 3 Under the hypotheses of Theorem 77, the following is true.
If s,u > (N +p)/p, then u € Ly 1o.(2r) for all ¢ < oo while
if s,u < (N +p)/p, then u € Ly 10c(Qr) for all ¢ < ¢*.

To prove the boundedness of solutions, we shall use the integrability guaran-
teed by Proposition 77, the energy estimates, and the usual DeGiorgi iteration
techniques, coupled with an interpolation in the case %p < 2 and proceed in
what are now standard ways; c.f. [?, Chap. 5].
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3 The L,;(S2r) estimates for ¢ < oo

The left side of (?7?) in Proposition ?? with the + choice is estimated as

/Z “k

W dx dt > KCV)P measq, , [u > 2k], (11)

thus

1
~ )P measg, , [u > 2]{5]} T+p/N < C/Z (u — /{Z)i dzx dt
R

{k(N+2
+ C/ZR(U — k)7 dw dt + C/A lul®x[u > k] dz dt
+C (/ZR(u — k)fsl dx dt) o + C (meas[u > k])lfﬁ (12)

where C'= C(0, R, ¢i, N,p, 6,8, 1, [0l L, 1o.2r): |91, P2] L., 10 (02r))- We shall es-
timate |u| Lyeak(Q, ) Py analyzing the right side of this equation.

Suppose that u € Lg o.(Qr) for some § sufficiently large. Then, for any
exponent < 3, note that

6
g
/Z (u— k)Y, da dt < </Z (u— k)] da dt> (meas[u > k)"~
R R
177
1 B
0 B
< [ulz,@n) <kﬁ|uL‘geak(QR))

B—0
1
<l (1)

Thus we can estimate

e

v )P measq, , [u > Qk]}

1 B—p 1 B=0o
< Clul 0, RO
1 B 1_7)_1 1 5(1_%)
-1 8 175 1 [
+ 1ol (k) remiich (5) oo

Repeat the same process with (u + k)_ replacing (u — k)1; we shall obtain a
constant O = O("u"Lﬁ(QR)’ ag, Ra Ci,y N7p7 57 S, L, |‘¢O||L“7ZDC(QT)7 "¢17 ¢2 ”Ls,Loc(QT))
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but independent of k so that

1\ (FR)BHe-2) g\ (14 E)A+ R (2-p)
measq, ,[|u] > k] < C (k) + (k)

1 (1+ %) 8+ & (2-6)+(p—9) 1 L)p+p+E -1
“(7) ' (k>

we then have proven the following

Lemma 4 Ifu € Lgjoc(2r), then u € LWedk (Qr) and u € Ly 1oc(S2r) for all

a(B),loc
q < a(f).
With this in mind, we shall analyze the iterations 5,, a(5,), a(a(5o)), - - .
where
N +2
Bo :maX{Q,;p,r} (17)

is chosen so that our hypotheses guarantee that w € Lg, 10c(27). Lemma ?7? will
then guarantee that v € Lg j0.(Qr) for any ¢ < (aoao---o0a)(f,), regardless
of the number of compositions. To analyze the sequence of iterations, set

ar(®) = (1+ 1) 6+ (-2, (18)
(@) = (1+ %) 8+ 522 -p). (19)
as(f) = (1+4) B+ 22 =) + (p—9). (20)
i) = (1+5) (1-3) s ent -1 (21)
as(®) = (1+ 1) (1—2) rpt 2, (22)

we shall analyze each in turn.
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Case 1: ay. Note that a1(8) > g if and only if
N
f>2=p) (23)

so that the sequence (,,a1(0,),a1(a1(8,)),... will tend to infinity if 3, >
%(2 —p). Indeed, the above shows that this sequence is monotone increasing; if
it tended to a finite limit, that limit would be a fixed point of a;; that was greater
than (,; since there are no such fixed points the sequence tends to infinity.

To see that [, > %(2 — p), note that B, > r and N(p —2) + pr > 0 by
hypothesis (HT).

Case 2: ay. Now aq(f) > g if and only if

B>(p—2). (24)

Clearly 8, > p — 2, so the sequence [,, a2(5,), a2(@2(8,)), ... tends to infinity
for the same reasons as before.
Case 3: a3. Now a3(8) > g if and only if

5> G-+ (6-p) (25)
Note that
(5—2)+%(5—p)<5—2+% [(1\7;2)]9_4
<6—2+N+2-N (26)
<6< B,

and thus the sequence §,, a3(5,), as(a@s(8,)), . .. tends to infinity.

Case 4: ay. Here the situation is somewhat different; since p + & — 1 >
2 >0,if (1+£)(1-1) >1 we can immediately conclude that the sequence

Bosaa(Bo), aa(as(Bs)), ... tends to infinity. The condition (1 + %) (1 — %) >1
is equivalent to the condition

N
s> +p. (27)
p
Now suppose s < %. Then ay(B) > B if and only if
p+&—1
B < , (28)
e
while ay(8) < f if and only if
p+&—1
> . 29
SEEIERIE) )
Thus, if s < %, the sequence B,, a4(B,), aa(aa(Bs)), ... tends to
+2 1
: PTw (30)

AT
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Case 5: As in case 4, if p > (N + p)/p, we know immediately that the
sequence [y, a5(0,), as(as(5,)), ... tends to infinity. If p < (N + p)/p, then
as(8) > B if and only if

p+2
17(175) (1+ %)
and a5(8) < f if and only if the above inequality is reversed. Thus, if p <
(N + p)/p, we know that the sequence B,, as5(8,), as(as(5s)), - .. tends to

0 <

(31)

. P+ ¥
o 17(177)(1+ 2y

Summarizing, we have the following.

(32)

Lemma 5 The sequence Bo,a(B,), a(a(B,)), a(a(a(By))), ... tends to infinity
if s,u > % and it tends to ¢* if s, < Tp

Proposition 77 then follows immediately.

4 The Ly o(S2r) estimates

In this section, we shall show the boundedness of solutions if s > % and

w > %. Proposition ?? implies that, for any 0 < & < 1, for any k, and for

any Qr CC Qr,
) 1+p/N
(/é uk dxdt) /Z 2 da dt
1—ngp
1ngp/Z fdudt+~y Z |UI xu>k}dxdt

o) iees)”

+a (meaSQR[u -0) 7 e

Fix p >0, 0 > 0, and let @), CC Q. For each integer n, set

l1—0c
pn=0p+( on )p7 (34)

and let Q" = @,,, so that QY = Q, and Q% = Q5,. Let £ > 0 be chosen later,

and set )
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We wish to apply (??) above with k = kn41, Qr = Q", and Qsr = Q"!. To
do so, note that in this instance

(1- )R = (;1‘{) . (36)

Substituting this above yields

m T y2"?
(/AL+1(U—kn+l)+ dxdt) < ——— (A= oyrpr /é — kng1) dxdt
~2"P
1—0‘ppp/é — n+1 dl‘dt

T Z |ul®X[u > kpy1] da dt (37)

1—1
1—0 </é = Fne1)i 1dxdt>

+ 7 (meas Ap41)" i
where m = N+2p and
A1 ={(z,t) € Q" u(x,t) > kpi1}. (38)

Note that for every 6 > 1,

/Z w—k d:cdt>/£ w— k)xlu > hnsr] de dt

> (kpy1 — kn)? meas A,y (39)

k 0
> (2n+2> meas A7l+1

2n+2
meas A, 11 < ( ) /Z % dx dt. (40)

To obtain our boundedness results, we shall use (??) and (??) to develop an
iterative inequality, however the choice of what to estimate shall depend upon
the parameters of the problem.

so that

4.1 Case 1: ¥2p>2

We shall obtain an iterative inequality for

m 1 "
Y, = 7%11 (U - kn)+L dx dt = m /é; (U — k‘n)+L dz dt. (41)
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We begin by estimating the first term on the right side of (??) with the aid of

(?7?) as

2nP
110 )PpP /Z = ko) dxdt
s (I > o
— n+1 X meas Ap41 m
1 — o) (42)

np n4+2\ Mm— 2
<12 2 ™ dx dt
(1 =o)ppr

’Y m— n
= Ww(“ Y,

where we have used the fact that m = %p > 2. Similarly

2 / k)l drdt < —— L pNomny - (43)
(1 —o)rpr ~ (1 —o)Pkm-r
To estimate the third term on the right of (??), first note that if C' > B, then
Y C
sup —— = ——— 44
soy—B C—-B (44)
so that for each (z,t) € [u > kyp41] we have
U kn+1
. 45
u—kyp = kni1—kn (45)
Thus, for each 6,
‘U|GX[U > kny1] < 2(n+2)6(u - kn)ﬂ (46)
Consequently, since § < m
"}/ mn
[ x> o e < g, (47)

To estimate the next term in a similar fashion, we need to know 25 < m;

however this is a simple consequence of the fact that s > 2*2 and the definition
of m. As this requirement is satisfied, we proceed as follows:

1/ )
< % (/Zﬂ(u — kng1)] dz dt)m {meas A, 1} 75w
W (F) (/é )

1

v (N+p)(1—— — (1 ) }n -3
= (1= oprn(i-5-1" e

(48)
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Lastly,
D -y
7y (meas Apy1) # < 7( o pN“’Yn)
1 1 1-1 (49)
Y . p(N+p)(1—7)2m(1—7)nY m
km(l—f)
Thus

N+p2(p+7n*2)(1+%)n

N-‘,—pYn < P ]
P +1 = (1- U)p+Nk(m_2)(1+%)
,ypN+p2(P+m)(1+%)n
(1 — o)p+NEm-P(1+%)

,yp(N+p)(1+%)2m(l+%)nY1+% (50)

pl V0D R gm0 By aag)
(1= o) k(=D F)
L 2R 100

Now note that )
m<1—8>—1>0 (51)

so that if we require k > 1, 0 < 0 < 0, < 1, and fix p, we obtain constants 7 =
’7(0—07 P, Ciy vaa 57 S, /J"HQSO”LM,LOC(QT)? ”¢17 ¢2"Ls,loc(QT>) and B = B(N7p7 53 S, ;U/)

so that
P _1 P 1 A
Yoo < 7BV HF 5yt TO0FR) s pay (-0 058) - 59)

Now if s > %, then

[ C BT R

N+p
p

(1 - ;) (1+ %) > 1, (54)

hence by the usual rules on fast geometric convergence, Y,, — 0 if Y, is suffi-

ciently small. However,
k m
Y, = u— = dx dt (55)
2 +

while similarly the assumption p > implies
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so if k = k(p7 0o, Ci, N>p7 57 Sy Wy ”¢O"L“JOC(QT)7 ”¢17 ¢2”Ls,loc(QT)) is SumCiently
large, we may guarantee that Y,, — 0; consequently

szﬁ (u — k)7 dadt = 0 (56)

ap

so that w is bounded above. Similar considerations for (u 4 k)_ show that w is
bounded below.

4.2 Case 2: %p <2
Let A > max {2,p7 m, o= 1} be chosen later and set
Y, = # (u—ky)} dz dt; (57)

this is well defined thanks to Proposition ??7. Now for any finite A > A > m, we
can apply the usual convexity inequality to obtain

Y1 = # (u — kpi1)} do dt
Qntt
20
< meaSQ"H (/ALH — kpy1)} dz dt)
2(1-9)
( / Z )T da dt) (58)

where
1 1
——+ AX—-m
f="—3 == (59)
L1 AA-m
Thus
1 =
Yig1 < W” ||LA Qp — knt1)Y dx dt (60)
and hence
—m 1 A—m
/Znﬂ (u— kns1)T" da dt > [meas Q"1 5% —wy Yedt (61)

vl i@,
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which estimates the left side of (?7?). The right side of this equation is estimated
in the same fashion as case 1, indeed

an ,_YpN2(p+)\f2)n
1_ Yo /Z —kny1)i 2 dedt < mynv (62)
o2 /[ 2"
k)P dedt < —P 2y 63
lfo'ppp +1 v - (I*U)pk)‘ip ( )
N+poAn
o2
/g lul®x[u > kpiq] do dt < R —Y,, (64)
. P P A YRS YCRE B P
I [/Z (u_ k/’nJrl)fp1 dx dt:| < e 1 Ynl i’
(1—-o0)p n (1-— g)k’\(lﬁ)*l
(65)
(N+p)(17i)2/\(17i)n .
-1 _p g B
v(meas Apt1)  * < ) Y, *. (66)
Thus
N (ER)Y,, g < )} 1p 2 B0 va ¥
P n+1 ”U”LA @Q,) py M
P\ oy H)
ypN PN () N ()M (R

(1- O_)p+Nk()\fp)(1+%) " -0 (1+%) "

ypl VAR (1=5) =1 (14 %)M (1-2) =1 (&) (1 1y (14 2)
(1— o)+ & EP-1)-1]0+%) .
fyp(N"r;D)(l—1)((1+111\;[()2A(1)—i)(1+]{7])nyr74(1i)(1+£)}Am. o

Let X\ be so large that A (1 — 7) 1 > 0. Working as we did before, if we fix p
and require £ > 1 and 0 < 0 < 0, < 1, then we will obtain a pair of constants

v = fY(A’ A ”u”LA(Qp)7 0o, P, Cis vav 6a S, [y ||¢0‘|Lu,loc(QT ) "(bl’ ¢2 s,loc(QT)) and
B = B(A, A\, N,p,d,s,u) so that

D) (A= P _1) (A=A
Y1 SfanYn(HN)(Aﬂn) +’?B"Yn(1+N)(1 L)(A=2)
2 (1_1)( A=
+’?BHYTL(1+N)(1 }L)(A—m,). (68)

Now since s, u > N+p ,weknow (1+2)(1—1)>1and (1+2) (lfl%) > 1.
Further, since

. A
lim E— 1 (69)
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we can choose A = A(\,m, s,p, N) so that both

(1 + %) (1 - i) (H) >1 (70)

and

P 1 A=)
1 7) 1- =) (==2) > 1 71
() (-3 3= ™
The usual rules on fast geometric convergence then allow us to proceed as we
did in case 1, and find u € L joc(27) as required.

5 Proof of Proposition 77

Let (20,t0) € Qp; modulo a translation we shall assume (z,,%,) = (0,0). Set
Qr = Br x (—RP,0), and suppose that Qr CC Qp. Let —RP < 7 < 0 and
set @ = Br x (—RP,7). Let 0 < 0 < 1 be fixed. Let ¢ € C®(Qr) be a
cutoff function so that 0 < ¢ < 1, with ((z,t) = 1 for (z,t) € Qug, so that
¢(x,t) = 0 near |z| = R or t = —RP, and so that |V([P + |¢;] < 2/(1 — o)PRP.
Let ¢; € C5°(QF) be a sequence of cutoff functions that tend to ¢, so that
Gz, t) =0if t > 7 —1/j and (j(z,t) = ((x,t) if t < 7 —2/j. Let J, be
a symmetric mollifying kernel in space and time, and denote the space-time
convolution J,, x f by f,.
Fix n > 0, and k£ > 0, and consider the function

Vi t) = {(wy — )+, (72)

If 7 is sufficiently small then ¢ € D(Q7), thus

0
/XZT —uz {(u, - k)JrCf}n dx dt
; 0
+ /XT az(x,t,u,VU)% {(u, — k)_,_(f}n dz dt

i (73)
= /J b(z, t,u, Vu) {(u, — k)+<§)}n dz dt
T
I+ 1 = I3.
We shall investigate each term seperately.
Since the mollifier is symmetric,
9 P
L =- una{(un—kz)+gj}dxdt
; (74)

1 7] 1 0¢;
Q/JZT{at(unk)i}(fdxdtg/ZT(unk)in 1%dmdt.
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Send j — oo and integrate by parts to obtain

lim I, = %/B (g — K207 - g/g (uy — K)2CP ¢ dedt (75)
R R

j—o0

and since 4 € Cipe(0,T'; L2 10c(£2)), we have

Z/Z (u— k2P G dedt.  (76)
R
As for I, we have

I, = /j[ ay (z,t,u, vm% {(uy — k)1C} } da dt. (77)

The integrability of v and the structure conditions (H3) and (H5) guarantee
that a'(z,t,u, Vu) € L%JOC(QT), thus we can send j — oo and 1 | 0 to obtain

; 0
lnlfroljli}n;o I, = /ZE a'(z,t,u, V(u—Fk)4) {8@ (u— k)+} CPdxdt
+p/£ a'(x,t,u, V(u—k)y)(u— k) (P, dodt. (78)

1
lim lim I, = f/ (u — k)3 ¢P
2 /b, T

110 j—oo

Applying (H2), (H3) and Young’s inequality, we obtain
hmhm12>'y/£ |V (u—k)y|PCP de dt — /é lul®x[u > k|CP da dt
- v/é (u— K|V do dt — é boxlu > KICP dudt (79)
R R

-/ Z b1 — k)4 7|V | da dt.
R
Lastly, we turn to I3,
I; = /4[ by (z,t, u, Vu)(u, — k)4 do dt. (80)

The integrability of u and the structure conditions (H4) and (H6) guarantee
that b(z,t,u, Vu) € L_m_ 1,.(Qr), where m = NE2p: since Sobolev embedding

imples 4 € Ly, 10c(S27) we can send j — oo and 7 | 0 to obtain

lim lim I3 = /Z x,t,u, Vu)(u — k)4 CP dx dt, (81)

nl0 j—oo

so by (H4)

nl0 j—oo

lim lim I3 < cs /Z IV (u — k)5 [PO=%) (u — k) ,.¢P da dt
R

c /Z [ul®x[u > k|CP da dt + /Z ¢po(u— k)4 CP dz dt. (82)
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If we put together our estimates for I, I, and I3, together with Young’s

inequality, we obtain

esssup/ \(ufk:)_s_C"””F‘ der/Z |V (u— k)" da dt
BR T R

—RP<T<0

S(IZ)PRP/Z {(u—k)2 + (u— k) }dxdt

+7/A lul®x[u > k] dxdt+7/ZR box[u > k] dx dt
+O_W(T)R/ZRqSl(u—k)era:dt—i—'y/ZRng(u—kpdxdt

where £ = max{1, p/2}. The Sobolev embedding theorem then yields the result;
at least for (u — k). The case for (u + k)_ is handled similarly.
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